We prove that there exists an integer p0 such that X split (p)(Q) is made of cusps and CMpoints for any prime p > p0. Equivalently, for any non-CM elliptic curve E over Q and any prime p > p0 the image of the Galois representation ρE,p is not contained in the normalizer of a split Cartan subgroup. This gives a partial answer to an old question of Serre.
Introduction
Let N be a positive integer and G a subgroup of GL 2 (Z/N Z) such that det G = (Z/N Z)
× . Then the corresponding modular curve X G , defined as a complex curve asH/Γ, whereH is the extended Poincaré upper half-plane and Γ is the pullback of G ∩ SL 2 (Z/N Z) to SL 2 (Z), is actually defined over Q, that is, it has a geometrically integral Q-model. As usual, we denote by Y G the finite part of X G (that is, X G deprived of the cusps). The curve X G has a natural (modular) model over Z that we still denote by X G . The cusps define a closed subscheme of X G over Z, and we define the relative curve Y G over Z as X G deprived of the cusps. The set of integral points Y G (Z) consists of those P ∈ Y G (Q) for which j(P ) ∈ Z, where j is, as usual, the modular invariant.
In the special case, when G is the normalizer of a split (or non-split) Cartan subgroup of GL 2 (Z/N Z), the curve X G is denoted by X split (N ) (or X nonsplit (N ), respectively).
We prove the following theorem.
Theorem 1.1 There exists an absolute effective constant C such that for any prime number p and any P ∈ Y split (p)(Z) we have |j(P )| ≤ Cp 12 .
This theorem is proved in Section 4 by a variation of the method of Runge, after some preparation in Section 2 and 3. At present, we work on applying Runge's method to general modular curves (and deriving new arithmetic applications), see [1, 2] . For a general discussion of Runge's method see [3, 9] .
We then apply Theorem 1.1 to the arithmetic of elliptic curves. Serre proved [18] that for any elliptic curve E without complex multiplication (CM in the sequel), there exists p 0 (E) > 0 such that for every prime p > p 0 (E) the natural Galois representation
is surjective. Masser and Wüstholz [11] gave an effective version of Serre's result; see also the more recent work of Cojocaru and Hall [4, 5] .
Serre asked whether p 0 can be made independent of E:
does there exist an absolute constant p 0 such that for any non-CM elliptic curve E over Q and any prime p > p 0 the Galois representation ρ E,p is surjective?
Below we refer to this as "Serre's uniformity problem". The general guess is that p 0 = 37 would probably do.
The group GL 2 (Z/pZ) has the following types of maximal subgroups: normalizers of (split and non-split) Cartan subgroups, Borel subgroups, and "exceptional" subgroups (those whose projective image is isomorphic to one of the groups A 4 , S 4 or A 5 ). To solve Serre's uniformity problem, one has to show that for sufficiently large p, the image of the Galois representation is not contained in any of the listed above maximal subgroups. Serre himself settled the case of exceptional subgroups, and the work of Mazur [12] on rational isogenies implies Serre's uniformity for the Borel subgroups, so to solve Serre's problem we are left with the Cartan cases. Equivalently, one would like to prove that, for large p, the only rational points of the modular curves X split (p) and X nonsplit (p) are the cusps and CM points, in which case we will say that the rational points are trivial.
In the present note we solve the split Cartan case of Serre's problem.
Theorem 1.2
There exists an absolute constant p 0 such that for p > p 0 every point in X split (p)(Q) is either a CM point or a cusp.
In other words, for any non-CM elliptic curve E over Q and any prime p > p 0 the image of the Galois representation ρ E,p is not contained in the normalizer of a split Cartan subgroup.
Several partial results in this direction were available before. In [15, 17] it was proved, by very different techniques, that X split (p)(Q) is trivial for a (large) positive density of primes; but the methods of loc. cit. have failed to prevent a complementary set of primes from escaping them. In [1] we allowed ourselves to consider Cartan structures modulo higher powers of primes, and showed that, assuming the Generalized Riemann Hypothesis, X split (p 5 )(Q) is trivial for large enough p.
Siegel Functions
As above, we denote by H the Poincaré upper half-plane and putH = H ∪ Q ∪ {i∞}. For τ ∈ H we, as usual, put q = q τ = e 2πiτ . For a rational number a we define q a = e 2πiaτ . Let a = (a 1 , a 2 ) ∈ Q 2 be such that a / ∈ Z 2 , and let g a : H → C be the corresponding Siegel function [7, Section 2.1]. Then we have the following infinite product presentation for g a [7, page 29] :
where B 2 (T ) = T 2 − T + 1/6 is the second Bernoulli polynomial. We also have [7, pages 29-30 ] the relations
Remark that the roots of unity in (2) and (3) are of order dividing 12N ; this will be used later.
The following is immediate from (1).
For a ∈ Q 2 \ Z 2 Siegel's function g a is algebraic over the field C(j): this follows from the fact that g 12 a is automorphic of level 2N
2 , where N is the denominator of a (the common denominator of a 1 and a 2 ), see [7, page 29] . Since g a is holomorphic and does not vanish on the upper halfplane H, both g a and g are integral over Z [j] . Here N is the denominator of a and ζ N is a primitive N -th root of unity. This is, essentially, established in [7] , but is not stated explicitly therein. Therefore we briefly indicate the proof here. A holomorphic and Γ(N )-automorphic function f : H → C admits the infinite q-expansion
We call the q-series (4) algebraic integral if the following two conditions are satisfied: the negative part of (4) has only finitely many terms (that is, a k = 0 for large negative k), and the coefficients a k are algebraic integers. Algebraic integral q-series form a ring. The invertible elements of this ring are q-series with invertible leading coefficient. By the leading coefficient of an algebraic integral q-series we mean a m , where m ∈ Z is defined by a m = 0, but a k = 0 for k < m.
Proof This is, essentially, Lemma 2. Proof of Proposition 2.2 The function g 12 a is automorphic of level 2N 2 and its q-expansion is algebraic integral (as one can easily see by transforming the infinite product (1) into an infinite series). By (2), the same is true for for every (g a • γ) 12 . Lemma 2.3 now implies that g 12 a is integral over Z[j], and so is g a .
Further, the q-expansion of g a is invertible if a 1 / ∈ Z and is 1 − e 2πia2 times an invertible q-series if a 1 ∈ Z. Hence the q-expansion of g −1 a is algebraic integral when a 1 / ∈ Z, and if a 1 ∈ Z the same is true for 1 − e 2πia2 g −1 a . In the latter case N is the exact denominator of a 2 , which implies that (1 − ζ N )/ 1 − e 2πia2 is an algebraic unit. Hence, in any case,
a has algebraic integral q-expansion, and the same is true with g a replaced by g a • γ for any γ ∈ Γ(1) (we again use (2) and notice that a and aγ have the same order in (Q/Z) 2 ). Applying Lemma 2.3 to the function
12 , we complete the proof.
A Modular Unit
In this section we define a special "modular unit" (in the spirit of [7] ) and study its asymptotic behavior at the infinity. With the common abuse of speech, the modular invariant j, as well as the other modular functions used below, may be viewed, depending on the context, as either automorphic functions on the Poincaré upper half-plane, or rational functions on the corresponding modular curves. Since the root of unity in (3) is of order dividing 12N , where N is a denominator of a, the function g 12N a will be well-defined if we select a in the set N −1 Z/Z 2 .
Thus, fix a positive integer N and for a non-zero element a of (
The function u a is Γ(N )-automorphic and hence defines a rational function on the modular curve X(N ); in fact, it belongs to the field Q X(N ) = Q(ζ N ) X(N ) . The Galois group of the latter field over Q(j) is isomorphic to GL 2 (Z/N Z), and we may identify the two groups to make the Galois action compatible with the natural action of GL 2 (Z/N Z) on (N −1 Z/Z) 2 in the following sense: for any σ ∈ Gal Q X(N ) Q(j) = GL 2 (Z/N Z) and any non-zero a ∈ N −1 Z/Z we have u σ a = u aσ . For the proof of the statements above the reader may consult [7, pp. 31-33] , and especially Theorem 1.2 and Proposition 1.3 therein.
If now G is a subgroup of GL 2 (Z/N Z) such that det G = (Z/N Z) × , then X G is defined over Q and G is the Galois group of Q(ζ N ) X(N ) over Q(X G ). It follows that w a := σ∈G u aσ belongs to the field Q(X G ).
For a ∈ N −1 Z/Z we put q a := qã, whereã is the lifting of a to the interval [0, 1). We also put ℓ a = B 2 (ã 1 )/2 (recall that B 2 (T ) is the second Bernoulli polynomial). Then we have the following.
where (aσ) 1 and (aσ) 2 are the components of aσ. In the special case when N = p is a prime number and G is the normalizer of a split Cartan subgroup in GL 2 (Z/pZ), we have, for τ ∈ H satisfying |q τ | ≤ p
Proof Equality (5) is immediate from Proposition 2.1. Now let us assume that |q τ | ≤ p −1 and that G is the normalizer of a split Cartan subgroup in GL 2 (Z/pZ), and prove that one of (6) or (7) takes place.
Without loss of generality, we may assume that G is the normalizer of the diagonal subgroup of GL 2 (Z/pZ). The rest of the proof splits into two cases and relies on the identity
where B 2 (T ) is the second Bernoulli polynomial.
The first case: both a 1 and a 2 are non-zero. In this case, when σ runs over G, the vector aσ runs over the set (Z/pZ) × 2 , each element of the latter set occurring exactly twice. We obtain
Further,
because for |q| ≤ p −1 we have log |1 − q k | ≪ 1. Now, for |q| ≤ p −1 we have
which shows that the expression in (8) is O(p 2 ). Finally, for |q| < p
2 ). Hence we have (6) in the case a 1 , a 2 = 0.
The second case: one of the coordinates a 1 or a 2 is 0. In this case, when σ runs over G, the vector aσ runs over the set (Z/pZ) × × {0} ∪ {0} × (Z/pZ) × , each element of the latter set occurring exactly p − 1 times. We obtain
Using (9), we obtain (7) in this case. The proposition is proved.
Proof of Theorem 1.1
In this section sequel p is a prime number, G is a subgroup of GL 2 (Z/pZ) and a is a non-zero element of (Z/pZ) 2 . Define the "modular unit" w a as in Section 3. Theorem 1.1 is a consequence of the following two statements.
Proposition 4.1 Assume that G is the normalizer of a split Cartan subgroup of GL 2 (Z/pZ).
Combining (11) and (12), we find that for P ∈ Y split (p)(Z) we have log |j(P )| ≤ 12 log p + O(1), which proves Theorem 1.1.
Proof of Proposition 4.1 Let D be the familiar fundamental domain of SL 2 (Z) (the hyperbolic triangle with vertices e πi/3 , e 2πi/3 and i∞, together with the geodesic segments [i, e 2πi/3 ] and [e 2πi/3 , i∞]). The statement of Proposition 4.1 is stable if one replaces G by the subgroup obtained by conjugating by µ ∈ SL 2 (Z), as well as a by aµ and P by µ(P ) in the conjugate modular curve. Since there exists µ such that µ(P ) is the image of an element of D, one can assume that P is the image of an element τ ∈ D. Thus, we have to prove that for
For τ ∈ D we have
which implies that either |j(P )| ≤ p + O(1) or |q| ≤ p −1 . In the latter case Proposition 3.1 applies, which means that log |q| = ν log |w
where ν is one of the numbers −1/2(p − 1) 2 or 1/(p − 1) 3 . In any case we have |ν| ≤ |G| −1 , which, together with (14) , implies (13) .
Proof of Proposition 4.2 Since w a belongs to Q(X G ) and has no poles or zeros outside the cusps, w a (P ) is a non-zero rational number. Let ζ = ζ p be a primitive p-th root of unity. Since w a is a product of 12p|G| Siegel functions, Proposition 2.2 implies that both w a and (1 − ζ) 12p|G| w −1 a are integral over Z [j] . Hence, for P ∈ Y G (Z) both the numbers w a (P ) and (1 − ζ) 12p|G| w a (P ) −1 are algebraic integers. Since w a (P ) ∈ Q × , it is a non-zero rational integer; in particular, log |w a (P )| ≥ 0. Further, w a (P ) divides (1 − ζ) 12p|G| . Taking the Q(ζ)/Q-norm, we see that w a (P ) p−1 | p 12p|G| . This proves (12).
Proof of Theorem 1.2
We start by recalling the work of Masser and Wüstholz [10] , who obtained an upper bound for the degree of the minimal isogeny between two isogenous elliptic curves, subsequently improved by Pellarin [16] . Below we denote by h(α) the absolute logarithmic height of an algebraic number α. If α is a non-zero rational integer, then h(α) = log |α|.
Theorem 5.1 (Masser-Wüstholz, Pellarin) Let E be an elliptic curve defined over a number field K of degree d. Let E ′ be another elliptic curve, defined over K and isogenous to E. Then there exists an isogeny ψ : E → E ′ of degree at most κ(d) (1 + h(j E )) 2 , where the constant κ(d) depends only on d and is effective.
(Masser and Wüstholz had exponent 4, and Pellarin reduced it to 2. He also gave an explicit expression for κ(d).)
Corollary 5.2 Let E be a non-CM elliptic curve defined over a number field K of degree d, and admitting a cyclic isogeny over K. Then the degree of this isogeny is bounded by κ(d) (1 + h(j E )) 2 .
